We discuss the realization of quantum advantage in a system without quantum entanglement but with non-zero quantum discord. We propose an optical realization of symmetric two-qubit X-states with controllable anti-diagonal elements. This approach does not require initially entangled states, and it can generate states that have quantum discord, with or without entanglement. We discuss how quantum advantage can be attained in the context of a two-qubit game. We show that when entanglement is not present, the maximum quantum advantage is 1/3 bit. A comparable quantum advantage, 0.311 bit, can be realized with a simplified transaction protocol involving one vs. the three unitary operations needed for the maximum advantage.
Introduction
The concept of quantum advantage can be easily demonstrated using an example from dense coding. 1 Alice and Bob share a pair of qubits in a maximally entangled state, such as a Bell state. By performing one-qubit unitary operations, Alice can transmit two bits of information to Bob while sending him only one physical qubit. The information advantage of having shared access to a maximally entangled state is thus one bit in this case. That advantage is due to an intrinsically quantum correlation in the shared resource, which in this case is entanglement. 2 In this paper we discuss the realization of quantum advantage in systems that have no entanglement but possess another form of correlation: quantum discord. [3] [4] [5] Although entanglement has been widely used as a measure of a given state's potential quantum advantage, recent studies suggest that quantum discord is a richer resource. [6] [7] [8] [9] [10] The maximum quantum advantage that can be harvested with optimal encoding is equal to the initial quantum discord. This has been shown using continuous variable and Gaussian discord, 11 and quantum discord for a particular discrete state. 12 A recent experiment demonstrated quantum correlations in the absence of entanglement in a noisy neutron interferometer. 13 Questions remain about the relation between quantum correlations and quantum advantage, for a more general family of discrete states and non-trivial encoding schemes. This motivates the present study of quantum advantage in systems of two qubits that are not entangled but have quantum discord, in the context of an optical experiment with bipartite X-states.
Most two-qubit and spin-1/2 states in a broad range of physical systems belong to the class of X-states. 14, 15 These include the Bell and Werner states. 1, 16 For the most general class of X-states, the quantum discord and the optimal projective measurement that maximize information obtained by local measurements can both be determined analytically. [17] [18] [19] However, it is challenging to create a realistically feasible experimental system that can generate a broad range of X-states with arbitrary parameters, because that requires a programmable decoherence mechanism.
Here, we introduce an optical device that uses a single-photon source to realize general X-states. The two qubits of our single photon system are the photon polarization and the photon path in a Mach-Zehnder-like interferometer. 20 Using only passive optical components, our system can generate mixed two-qubit X-states with a wide range of entanglement and quantum discord. This device can be used for creating an X-state, the encoding in it of a classical random variable K, 21 and a tomographic decoding process. We describe a series of transactions between Alice and Bob in which Alice encodes K in an X-state and Bob attempts to decode that state. When quantum discord is present, Bob can better estimate K than he could by using only local measurements and one-qubit operations. This quantum advantage exists even when the qubits are not entangled. In the absence of entanglement, quantum advantage can be as large as 1/3 bit for the two-qubit system considered here.
Section (1) discusses the theory for calculating quantum correlations and quantum advantage for a given encoding protocol. In Sec.(2) we describe an optical device for state preparation, an encoding protocol, and state tomography of symmetric Xstates. In Sec.(3) we analyze the properties of the state of the system before and after the encoding, and discuss the behaviour of the quantum advantage for various encoding schemes. We focus on the cases where there is significant quantum advantage without entanglement.
Theory

Quantum discord and two-qubit X-states
Quantum discord is the difference between the total mutual information shared by two qubits, I, and their locally accessible (classical) mutual information J. 1, 3 In light of the optical application that we propose in Sec. (2), we designate the two qubits by the labels s and p, which we use below to distinguish photon spin (polarization) from interferometric path, but which can be taken to describe any two-qubit system. For a system described by the density matrix ρ sp in a composed Hilbert space H s ⊗ H p , the total mutual information between the two qubits is :
where S denotes the von Neuman entropy and ρ i = Tr j ρ sp is the partial density matrix of the subsystem i, with i = j = s, p. 1 After a projective measurement 22 on the first qubit Π ± = |± ±| ∈ H s , the conditional state of p is given by ρ p|± = Tr s Π ± ⊗ 1 p ρ sp /p p|± ∈ H p with probability p p|± = Tr Π ± ⊗ 1 p , where 1 p is the identity for qubit p. The classical mutual information, J ρ p|s , is the amount by which the uncertainty of system p is reduced after measuring s, 3 and is:
where the average conditional entropy, ∑ ± S(ρ p|± ) = p p|+ S ρ p|+ + p p|− S ρ p|− , is minimized over all possible projective measurements. Finally, quantum discord, 3 D ρ p|s , corresponds to the shared information between s and p, that cannot be obtained by measuring s,
The analogous expressions for J ρ s|p and D ρ s|p can be obtained by interchanging the roles of the qubits when computing the average conditional entropy.
In this work we are mainly interested in symmetric two-qubit X-states. In the computational basis 1 an arbitrary symmetric two-qubit X-state takes the form:
with b = 1/2 − a. We show below that without loss of generality, the coherences w ∈ [0, a] and z ∈ [0, b] can be taken to be real and positive. The concurrence C(ρ sp ) and entanglement of formation E(ρ sp ) are given by the Wooters formulae 2
where
Since entanglement is a monotonic function of concurrence they have the same minima and maxima, which are 0 and 1 respectively.
For such states, which are described by density matrices of the form shown in Eq.(4), the conditional states after a measurement of one qubit (i.e. a local measurement) are independent of the qubit that was measured, ρ s|p = ρ p|s . Because of this,
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the average conditional entropy is also symmetric and therefore J ρ s|p = J ρ p|s = J(ρ sp ) and D ρ s|p = D ρ p|s = D(ρ sp ). Following the criteria introduced by Maldonado-Trapp, et al., 17 the discord for this family of states is given by
where u = 2 (w + z) and v = |4a − 1|. The quantities S σ Z ρ p|s and S σ X ρ p|s correspond to the minimal average conditional entropies, when the optimal measurements are along σ Z and σ X respectively, where σ i are the Pauli matrices. 1 Explicitly, these entropies are given by:
and
When u = v the average conditional entropy does not depend on the measurement. Note that if wz < 0 the optimal measurement σ X must be replaced by σ Y . 17 Although the optimal measurement changes, the value of the average conditional entropy remains the same. Since correlations do not change under local operations, the case wz < 0 can be avoided by considering a rotation over the two qubits of the form exp (iφ s σ Z /2) ⊗ exp iφ p σ Z /2 . Thus, as noted above, we can always choose φ s and φ p so that w and z are real and positive.
Encoding process and quantum advantage
We now consider a scenario in which two independent parties, Alice and Bob, have access to a source of discordant (D(ρ sp ) > 0) two-qubit symmetric X-states that are fully known to both of them. Alice and Bob engage in a sequence of encoding/decoding transactions, each of which starts with the same X-state. Alice generates a random variable K that takes values k = (b 1 , b 2 ) with a probability distribution p k , where b 1 and b 2 are random classical bits. 1, 21 She encodes K in the qubit s and then challenges Bob to estimate K by measuring the encoded state. In Fig.(1) we show a quantum circuit that illustrates the protocol described above. For each transaction, Alice applies a local unitary operation
Z to qubit s and sends the state to Bob. The four unitary operations that she can apply are
where 1 s is the identity operator for the qubit s. The ensemble received by Bob is thus described by the density matrix
By performing a decoding protocol after each transaction, Bob constructs a new random variable K * . Bob then estimates the value of k that was sent by Alice, and records his estimate as k
We will see that the accuracy of Bob's
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estimation is determined by his access to two-qubit operations.
The maximal accessible information 1 that Bob can obtain about K corresponds to the Holevo information which for an ensemble ε = {p k , ρ k } is given by
Its minimum and maximum values are given by zero and two bits respectively. When I q = 2 the bits b 1 and b 2 can be determined deterministically i.e Bob can recover K with certainty. An example of this case is superdense coding. 1, 23 We note that when the protocol is applied to a symmetric X-state, the average state after the encodingρ sp is also symmetric. Sinceρ sp is symmetric, if Bob makes a projective measurement Π ± on qubit s, the accessible information that he can obtain from the qubit p is equivalent to the information that he can obtain from s given a measurement on p, which is
Quantum advantage, ∆I, is defined as the difference between I q and I c , ∆I = I q − I c . 11, 12 It corresponds to the extra information that Bob can gain by performing two-qubit operations prior to making local measurements of each qubit. When the random variable K is encoded in ρ sp , decoherence is induced in the system and therefore the correlations between s and p are modified. The discord consumption 11 is defined as the difference between quantum discord before and after the encoding, 11 proved that the quantum advantage of an encoding protocol and the discord consumption are related by the following inequality
where J(ρ sp ) is the classical mutual information between s and p after the protocol. Optimal encoding is the encoding that maximizes the quantum advantage. 11 It corresponds to the one in which the total mutual information is consumed, i.e. I(ρ sp ) = D(ρ sp ) = 0. In this case the quantum advantage is equal to the initial amount of quantum discord, ∆I = D(ρ sp ).
Experimental Proposal
In this section we propose an optical implementation for generating symmetric two-qubit X-states, as in Eq.(4), and use them in an encoding protocol. The detailed setup, shown in Fig.(2) , consists of three parts: an X-state source, an encoding and decoding mechanism, and a measurement process.
We use a linear polarization basis with horizontal and vertical components designated by |h and |v respectively, and a path basis designed by |0 and |1 , which in the computational basis correspond to
In this basis, an X-state can be thought as an incoherent superposition of two Bell-like states, |Φ = c h0 |h |0 + c v1 |v |1 and |Ψ = c h1 |h |1 + c v0 |v |0 , where the coefficients c i j are the probability amplitudes of the states |i | j . It is well known in optics that a polarizing beam splitter (PBS) can create such states for a single incoming photon by properly choosing the PBS input port. Then, by combining the two incoherent paths at the input ports of a PBS the output state will be an X-states of the form (4).
For simplicity, our X-state source uses an input photon with a polarization state |ψ in = (|h + |v ) / √ 2. The state is then split in two paths and a random phase is added to one path to make them relatively incoherent. This can be done by a random switch choosing which path the photon goes through, or by a beam splitter (BS) and a subsequent path delay longer than the coherence length of the photon, or by adding random noise in one of the paths. In particular, we will describe this process by assuming that the input photon first encounters a beam splitter BS with transmission and reflection coefficients T and R respectively, where T + R = 1, and introducing a random source of phase noise in one path, see Fig.(2) . It provides a phase shift exp (iβ ) where β is a random variable with a Gaussian probability distribution exp −β 2 / 2σ 2 / √ 2πσ 2 and standard 4/9 deviation σ . We consider σ to be sufficiently large such that the average of different phases exp (±iβ ) = exp − σ 2 2 can be neglected, producing two incoherent beams. Paths |0 and |1 are recombined with a polarizing beam splitter PBS; all polarizing beam splitters in this apparatus transmit polarization |h and reflect polarization |v . The PBS acts like a control not (CNOT) gate with polarization and path as control and target qubits respectively. 1 In path |0 we place a PBS that introduces one auxiliary path (black path in Fig.(2) ). In those paths we add a controllable time delay, τ h or τ v , which allows us to control the coherences of the |h and |v components of |0 . With this, the anti-diagonal term associated with {|h |0 } and {|v |0 } decreases by a factor of κ h = e − τ h τc and κ v = e − τv τc respectively, where τ c is the coherence time of the photons. The resulting density matrix can be written in the {|h |0 , |h |1 , |v |0 , |v |1 } basis as
To encode the random variable K, both paths |0 and |1 go through a polarization controller, PC. The PC acts simultaneously in both paths and allows Alice to arbitrarily rotate the polarization state of the photon. We assume that Alice has a random number generator that tells her which set of bits (b 1 , b 2 ) to send in each transaction. While to send the bits (0, 0) she does nothing to the polarization state, to send (0, 1), (1, 0) or (1, 1), she applies a rotation at π around the axis z, x and y in the polarization Bloch sphere. 1 The decoding process is performed by a PBS and half wave plate (HWP) which acts as a CNOT and a Hadamard gate in polarization respectively. 1 The HWP is set at an angle π/8 with respect to the horizontal and transforms the polarization components as |h → (|h + |v )/ √ 2 and |v → (|h − |v )/ √ 2. A PBS in each path |0 and |1 are used to measure in the {|h |0 , |h |1 , |v |0 , |v |1 } basis with detectors D h0 , D h1 , D v0 and D v1 . , is incident on a beam splitter (BS), with reflection coefficient R and transmission coefficient T . In path |1 the photon experiences a random phase shift, β , with Gaussian probability distribution to make it incoherent with |0 . Paths |0 and |1 are recombined with a polarizing beam splitter (PBS) that transmits |h and reflects |v . In path |0 the photon goes through two PBSs. This adds time delays τ h and τ v for the horizontal and vertical components of path |0 respectively. Encoding: Both paths |0 and |1 go through a polarization controller (PC). The PC can arbitrarily rotate the polarization state of a photon. Decoding: Paths paths |0 and |1 are recombined at PBS. Both paths go through a half wave plate (HWP) at an angle π/8 with respect to the horizontal. Measurement: Two PBSs and four photon detectors are used to measure in the {|h |0 , |h |1 , |v |0 , |v |1 } basis.
Results
Quantum correlations before encoding
Since the von Neuman entropy is invariant under local operations, we apply to the density matrix of the experimental X states the following rotational operation, e i π 4 σ Z ⊗ I p ρe −i π the formulas discussed in Sec (1.1). In particular, concurrence is given by C (ρ) = max [0, κ h R − T, κ v T − R] and it vanishes when κ h R ≤ T and κ v T ≤ R, or when R = T . The analytical expression for quantum discord is given by equation (7), with u = κ h R + κ v T and v = |2R − 1|. By using the second derivative test 21 we found that, with respect to variations of κ h and κ v , quantum discord is maximized in two cases: κ v = 1 and κ h = 0; and κ v = 0 and κ h = 1. From Fig.(3)(a) we note concurrence increases monotonically with κ h and decreases monotonically with R. Concurrence is zero at the region left of the dashed line, (1 + κ h )R = 1. It reaches its maximum value, C = 1, when the photon is completely reflected onto path |0 , R = 1, and there is no time delay in the auxiliary path, κ h = 1. This maximum corresponds to the Bell state indicated by the red point, |ψ + = (|h0 + |v1 ) / √ 2. 1 Fig.(3)(b) shows that quantum discord also increases monotonically with κ h . Discord only vanishes when the photon is completely transmitted, R = 0, or when the coherence time of the photon is much less than the time delay, κ h = 0. It also reaches its maximum value for Bell states, D = 1, at R = 1 and κ h = 1. Besides the global maximum, discord also has local maxima along the black boundaries. The highest value that discord reaches without entanglement is represented by the red dot and its value is D = 1/3 at κ h = 1 and R = 1/3. In Fig.(3) (c) the gray and white regions show the regions where the optimal measurements are σ Z and σ X respectively. These are the measurements of polarization that minimize the average conditional entropy and therefore they least disturb the system but allow more information about the system to be obtained. The conditional entropy is independent of the measurement for the states along the black lines. The states along the black solid line are the Werner states 1, 16 which can be written as
We indicate the Werner-like states to the states by the black dashed line, which can be written as (1 + Rκ h )1 sp /4 − Rκ h |ψ + ψ + |.
Quantum correlations after encoding
To maximize quantum correlations we consider the pre-encoding state as the one that satisfies κ h = 1 and κ v = 0, this is
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After each transaction of the pair of bits (b 1 , b 2 ) according to the encoding protocol described in Sec.(1.2), the density matrix of the post-encoding state becomes
From Eq. (17) we immediately note that b 2 only appears in the non-diagonal terms. Without joint measurements Bob cannot determine the value of b 2 , thus he will not be able to estimate K with certainty. After averaging out a series of transactions, on average Bob receives the statẽ
where p 1 , p 2 , p 3 and p 4 are the probabilities described in section (1.2). Without losing generality we consider only positive coherences p 1 ≥ p 2 and p 3 ≥ p 4 . For this ensemble, concurrence is given by
Quantum discord is given by equation (7), with u = (2 (
Quantum advantage and quasi-optimal encoding
As noted in Sec.(1.2), an optimal encoding is the one that consumes all correlations, I(ρ sp ) = 0. 11 This is satisfied when the final average state is 1 4 1 s ⊗ 1 p , in other words it is the encoding that introduces the greatest amount of decoherence to the system. From Eq. (18) we note that an optimal encoding must satisfy one of the following conditions: p 1 = p 2 = p 3 = p 4 = 1/4, or R = T . It may seem counter-intuitive that the encoding that maximizes the quantum advantage, ∆I = I q − I c , is the one that leads to the maximally mixed state, however, the identity is the result of the average of a large number of transactions, and the quantum advantage depends on the non-local information in each one of them.
Aside from the noted relationship 11 between initial quantum discord and the quantum advantage in an optimal encoding, ∆I = D(ρ sp ), we found that in this case there is a direct relationship between the initial amount of information and the quantities I c and I q . The total accessible information, I q , can be conceived as the amount of mutual information that has been 7/9 removed from the initial state, I q = I(ρ sp ) − I(ρ sp ). Since for optimal encodings the total mutual information becomes zero, we can state that these are the encodings that extract all the information from the system and therefore I q = I(ρ sp ). In addition to this, from Eq.(11) we note that I q is also related to the randomness that has been introduced to the system. For example, when only one of the events k has preference, say p 2 = 1, no randomness is introduced and I q is zero, while in an optimal encoding all the events have the same probability, p k = 1/4, and no more randomness can be introduced. Since for optimal encodings ∆I = D(ρ sp ) and I q = I(ρ sp ) it is clear that the locally accessible information coincides with the initial classical information, I c = J(ρ sp ).
Although the optimal encoding is the one that maximizes the quantum advantage it is also interesting to study a more general encoding that we call quasi-optimal, in which p 1 = p 2 and p 3 = p 4 . For this encoding all quantum discord is consumed, D(ρ sp ) = 0, but there is a remainder of classical mutual information, I(ρ sp ) = J(ρ sp ). This allows us to study quantum correlations and advantage for a range of p 1 , specifically p 1 ∈ [0, 1/2]. Fig.(4)(a) shows quantum advantage, ∆I, for the quasi-optimal encoding as a function of R and p 1 . The maximum advantage that Bob can obtain with non-zero entanglement is ∆I = 1, which is reached at p 1 = 1/4 and R = 1. This corresponds to the Bell state |ψ + (black dot). The maximum value of ∆I that can be reached without entanglement (red dot) is ∆I = 1/3 at p 1 = 1/4 and R = 1/3. Quantum advantage only vanishes when R = 0, this is when the photon is completely transmitted by the variable BS. The complete transmission creates a Bell state after the PBS that becomes completely incoherent by making κ v = 0. This is why it cannot be made more random in the encoding process. The gray boundary denotes where the measurement that optimizes I c changes from σ z to σ x . This measurement corresponds to the one that Bob must perform in order to obtain the most information when he is restricted to one-qubit operations. In Fig.4(b) we compare quantum advantage as a function of R for p 1 = 1/2 (dashed line) and p 1 = 1/4 (black line) concurrence (grey line) and quantum discord (black squares). For optimal encoding, i.e. p 1 = 1/4, the quantum discord and the quantum advantage is exactly the same as we noted before. For p 1 = 1/4, the global maximum of the quantum advantage is 1 bit at R = 1, as indicated by the black dot. This corresponds to the Bell state |ψ + . In the region where there is no entanglement, the maximum quantum advantage is 1/3 bit at R = 1/3, as indicated by the red dot. For p 2 = 1/2, the quantum discord and the quantum advantage are in general different. These two values become the same at around R = 1/2, where the quantum advantage for p 2 = 1/2 reaches the maximum of ∆I = 3(2 − log 2 3)/4 ≈ 0.311 bit, as indicated by the blue dot. Although the maximum value of the quantum advantage without entanglement is ∆I ≈ 0.333, the case denoted by the blue dot is useful since it corresponds to the encoding scheme where Alice only needs to apply σ X whereas in the optimal encoding she has to apply the three Pauli matrices, σ X , σ Y and σ Z . For this case the quantum advantage is significant at ∆I ≈ 0.311, and is much easier to perform the protocol in a experimental implementation.
Conclusions
In this work, we proposed a versatile optical realization of symmetric two-qubit X-states. We discussed the quantum correlations in these states and the quantum advantage that be realized in various encoding and decoding schemes. Our approach seems experimentally accessible. Its simplicity facilitates analyses of quantum discord and its role in attaining quantum advantage. We show explicitly that significant quantum advantage can be attained even when there is no entanglement. We prove for the first time that 1/3 bit is the maximum value of quantum advantage that can be attained in symmetric two-qubit X-states without entanglement. We also find that significant quantum advantage can be attained with simplified encoding/decoding protocols. A protocol with only one local unitary operation can achieve quantum advantage of 0.311 bit, which is 93% of the maximum value. Our work demonstrates the significance of quantum discord in determining quantum advantage in encoding/decoding protocols, and suggests that quantum discord is superior to entanglement as an estimator of quantum advantage.
